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Chaoticdynamicsdueto competitionamongdegeneratemodes
in a ring-cavity laser
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Competitionbetweentwo degeneratespatialmodesin a ring-cavity laseris shownto lead to chaotictime evolutionof their
amplitudes.Analysis of this temporalchaosimplies that thelaser outputwill showrandomly intermittentburstsof apparent
spatialcomplexitydueto interferencebetweenthetwo competingmodes.

1. Introduction

Thenonlineardynamicsof a ring—cavity laseris generallycharacterizedby competitionamongmodesthat
describethespatialstructureofthe fields [1,2]. Thiscompetitionappearsexperimentallyin themeasurement
of time-dependenttransversespatialpatternsin the laserintensityoutput [3]. In somecases,the ring—cavity
resonatorgeometrycanbe adjusted,or tuned,to producetwo degeneratemodes,i.e. two modeswith equal
longitudinalwave numbers[1,2]. In the caseof sucha degeneracy,the dynamicsof the modecompetition
simplifiesto a systemof ordinarydifferential equationsfor the time-dependentcomplexamplitudesofthetwo
cavity modes (i.e., the transversespatialstructuresof the fields). In this case,rigorousdynamicalsystems
methodscanbeappliedto exactlycharacterizethe chaoticdynamicsthat resultsfor the modeamplitudes.We
show that this is apurely temporaltype of chaos,although it manifestsitself experimentallyas chaotically
changingtransversespatialpatternsin the laserintensityoutput.

Thegeometryfor a ring-cavity laserexperimentwith degeneratemodesconsistsof aresonantcavity with
curved endmirrors [1—3]. Thering-cavity laserdynamicsis describedby the Maxwell—Bloch equationsfor
the slowly varying complex envelopesE andP of the electric field, f=Re{E exp[i (k0z—w01) ] }, the polar-
izability of the medium, ~ = Re{Pexp[i (k0z— w01) ] } andthe real level inversion,D. Herek0 andw0 are the
wave numberandfrequencyof the incident light. TheMaxwell—Bloch equationsare given by [1,21

—~iV~E+ + =1, =ED—öP, =_Re(E*P)_d(D_Do),

whereV~denotesthetransverseLaplacian,longitudinaldistancez is measuredin unitsofA (theoptical path
length),timeis measuredin unitsof the round-triptime for light, A/c,andthesmall parameterd=yA/c<< 1
is the ratio of time scales:the round-trip timefor light in the cavity, divided by the relaxationtimeof the
medium.By choosingto scaletimeinunitsofA/candsetting~= 0, weaddressdynamicson thenondissipative
time scale,i.e., on a time scalewhich is short comparedto anydissipationtime.

Weassumeseparationof variablesfor thesolutionof the linearlypolarizedelectricfield in theresonantcay-
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ity. Becausethesecavitymodesare takento be degeneratein longitudinalwave number,we may assumea
solutionin the formE(r, 0, z, t) = ~,A,( r, 0, z)E,(/), whereA,(r, 0, z) describesthe spatialstructureof the lth
empty-cavityfield mode.That is, A,( r, 0, z) is theIth eigenfunctionin thecavity ofthespatialpartof thelinear
operatorin the first Maxwell—Bloch equation(see,e.g.,ref. [2], appendixA). Similar modal expansionsare
alsoassumedfor the fields PandD. Substitutingthesethreemodalexpansionsinto the Maxwell—Blochequa-
tionsandprojectingonto the lth degeneratemodeyieldsthe following setof coupledMaxwell—Bloch (CMB)
equations,labeledby indices l, m, n= 1, ..., L,

E1=P,, P,= ~ FimnEmDn, 151= _Re(~1imnE~Pn). (1)

In theseCMB equations
1/mn= Icavity A

1AmAn. Consequently,the realarraysof constants
1/mn describingthe

coupling amongthe modesare totally symmetrictensors.That is, 1/mn f’~(/mn) of everypermutationaof 1,
m, andn.

2. Diagonalizationof the modal equations

The CMB equations(1) derivedabovepossessL constantsof motion, K
1= ~>~mnhimnEm

1~+ D,, 1 1,

L. TheconservedquantityK
1 is theprojectionontothelth modeof thesumofthetotal field energyandatomic

excitationenergy,~I El
2+ D. Since K

1 is linearin D,we mayuseit to eliminateD1 andtherebyreducethe num-
berof equationsfrom 5L to 4L. After this elimination, we have

j:~-_p p_V r i’ v I’c’r i7i’*
1 1, 1 ~ lmn m~ n2 ~ npq p q

mn \ pq

Theseequationsdescribea set of L coupledcomplex Duffing oscillators.They maybe expressedin Hamil-
tonian form as E1={E1, H} = 2öH/~lP7andP~={P1, H} = 2aH/8E7,with Hamiltonianfunction

r /
u_VI1 p 2j..I(~ iVr ~‘ 7’* 2

L~I2 I 2~ /2~.. /mn m ~
IL mn

Now, 2H= ~ (~P1 12 +Dy), in termsof the original variables.Hence, conservationof H for the Duffing os-
cillatorsystemrepresentspreservationof thetotalunitarityofthesystemby theCMB dynamics(seeref. [41).
Invarianceof the HamiltonianH underthe overallphaseshift (P,, E,) —~(ewP,,elvE,) alsoimplies conservation
of its infinitesimalgenerator,J= >~,Im (E7’P1). Thisconservedquantityis the totalself-interactionenergy of
theL modes.

Considerthe situationin which the coupling coefficients
1/mn mutually commute,i.e., suppose

~ (1/mnllpqhlmql/pn)=0.

Thenthe totalHamiltonian,H in eq. (2), may bediagonalized.Thisdiagonalizationof H maybeunderstood
by regarding1/mn as a set of L symmetricmatrices,written1~.Thecommutationformulaabovemeansthat
thesymmetricmatrices[‘(1) and10) commutefor all land]. Hence,in thissituation,a singleorthogonalLXL
matrix, Oim, exists thatsimultaneouslydiagonalizesall the I matrices.Becauseof the total symmetryof the
tensorsIimn, which is preservedunderorthogonaltransformations,the only nonzeroentry remainingin the
]th tensor10) aftersucha diagonalizationisIJ9~= ~ Performingthisorthogonaltransformationon thefields
E, andP,, andon theconstantsK,, (E,, Pi, K,)~(E~,P~,K) (~mQimEm, >-m Oim1~m,>m OimKm), yieldsthe
Hamiltonian for the systemin the new variables(afterdroppingthe primes)in diagonalizedform,
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H= >~H,=~ [~IP,I2+1(K,—~y,IE,I2)21
I /

Thus,the Hamiltoniandecouplesinto a sumof L complex-Duffing-oscillatorHamiltonians,providedthe cou-
pling coefficients1/mn mutually commuteassymmetricmatrices.In thiscase,theconservedHamiltoniansH,
of the decoupledmodesare the projectionsof the unitarity conditionfor the full systemontoeachmode.

ThisdiagonalizationrenderseachHamiltonianH, invariantunderan independentphasechangeof the lth
fields: (E

1, P,) —p (etWlEj, e~P,).Hence,the self-interactionenergyfor eachmode,J,= Im(E7P,), is separately
conserved.Theseadditionalconservationlawsimply that the dynamicsof eachdecoupledHamiltoniansub-
systemis completelyintegrable.Therefore,the entiresystemof L interactingring-cavity modesis completely
integrablewhenthe coupling coefficientsmutually commute.

3. The integrabledecoupledmodel

The Hamiltonianandthe conservedself-interactionenergyfor a singledecoupledmodearegiven by

H,=flP,I
2+~(K,—~y,IE,I2)2,J,=Im(E7P,)

whereconservationof J, follows from phaseinvarianceof H,. This phaseinvariancesuggeststhe canonical
transformationto polarcoordinatesgivenby E,= .~,e1~’andP,= (~+iJJ.~,)e’~’.Whenexpressedin thesepolar
coordinates,thesingle-modeHamiltonian is independentof ço,,

H
1=+J~/2+~(K,_~y,,~)

2,

andHamilton’sequationsfor (.~,, ,~J’,,ço,, J,) aregiven by

~ ~ çbi={ço,,H,}=J,/.92,2, J,={J

1,H,}=0.

In the caseJ,=0 andK,> 0, andonly in this case,the solutionsof this systemhavea homoclinic orbit in the
~ phaseplane.In the original variables,the homoclinic solution of eqs. (1) for J,= 0 andK,> 0 is given
by

E,= 2 /k7~,sech[\/~ (1—t,)] e
1~’, P

1= 2K,sech[.~/k~(t — /,)] tanh[,,jk~(1—t~)I e’~’.

This solutionconnectsthe hyperbolicpointat the origin, E,=0 = F,, to itself. Geometricallythe solution is a
“pinchedtorus,”i.e.,theCartesianproductof ahomoclinicloopin aplane~‘, = ~, (whichis constantfor J,=0),
timesa circle parameterizedby the valueof phaseangleço1. For J,#0, all othersolutionsare periodic in the
~ phaseplaneand,thus,arequasiperiodicwith two periodsin theoriginal variables.Seeref. [41 for further
details.

4. Recouplingthe modes

In general,thecouplingcoefficientsI/mn do not mutuallycommute.Of particularinterestis the situationin
which theynearlycommute,andare expressibleas

1Imn= )‘iöimn + ~4imn, whereôImn= 1, if 1=m= n, andvanishes
otherwise.The coefficients~-1/mnare assumednotto mutually commutewith all the 1/mn, and~is takento be
thesmalluniform couplingstrength;� << 1. Wetreatthissituationasa nearlyintegrableproblem,andaskwhat
physicalconsequencesarisewhenthe couplingperturbationbreaksintegrability.

We considerthe caseof two coupledmodes,L = 2, which is the casemost frequentlyencounteredin ex-
periments.Supposethe unperturbedmodesbeforecouplinghaveJ

1= 0, K1>0, andJ2~ 0, so weare coupling
a homoclinic structurein mode 1 with the quasiperiodicstructureof mode 2, seefig. 1. Except for the ho-
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X Fig. 1. The homochnicCMB solutions in thetwo~odephase

crossedinto atwo-torus(mode2).

moclinic orbits, mostsolutionsin this caseare quasiperiodicwith four (i.e., 2L) frequencies.Thus, thepure
secondmodeis a specialsolution,sinceit hasonly two frequencies.In thesystemof two modes,the solution
correspondingto the puresecondmodeis hyperbolic;that is, it is unstablealongthe homoclinicorbits of the
first mode.As a two-frequencyquasiperiodicsolution,thepuresecondmodecanbethoughtof asa two-torus,
andthe unperturbedsolutionshomoclinicto it in thefull phasespacecanberegardedgeometricallyasa pinched
torus,crossedinto the two-torusof thepuresecondmode,asshownin fig. 1. Therefore,theunperturbedorbits
homoclinic to a particularpuresecondmodesolution (for a particularchoiceof J2 andK2) form a four-di-
mensionalhomoclinicsurface.

In theweakly coupledcase,e ~0, mostof the specialsolutionswith just two frequenciesstill persistandare
O( ~)closeto thepuresecond-modesolutions.Moreover,theunstabledirectionsof theseperturbedsolutions
with only two frequenciesare 0(e) closeto the homoclinicdirectionsof the unperturbedpurefirst-modeso-
lution. (Thevalidity of theseclaimsfollows from thepersistencetheoryof normallyhyperbolicmanifoldsand
the KAM theorem,see, e.g.,ref. [5J.) Hence,orbits forward-asymptoticin time to any perturbedtwo-fre-
quencyquasiperiodicsolution still form a smoothfour-dimensionalsurface,which is 0(e) closeto the un-
perturbedhomoclinicsurface.This surfaceis calledthe stablemanifoldof the perturbedtwo-frequencyquasi-
periodicsolution. Likewise, orbits backward-asymptoticto a two-frequencyquasiperiodicsolution form its
smoothfour-dimensionalunstablemanifold.

If the two-modesystemwere to remainintegrableunderthe weak coupling,then the stableandunstable
manifoldsof the hyperbolicquasiperiodicsolutionwould continueto coincide, asa slightly deformedfour-
dimensionalhomoclinicsurface.However,when,asexpected,thecouplingperturbationdestroysintegrability,
the stableandunstablemanifoldswill, in general,intersect.Theseintersectionsare the homoclinic orbits of
the hyperbolicsolutionthat surviveafterthe coupling.Thesehomoclinic intersectionorbitsform two-dimen-
sionalsurfaces,sincethey are the intersectionsof four-dimensionalstableandunstablemanifoldsin the six-
dimensionalsimultaneouslevel surfaces(lying in the eight-dimensionalphasespace)of the total unitarityH
andself-interactionenergyJ.

5. Showingtransverseintersections

In orderto showthathomoclinicintersectionsoccurunderweakcouplingof thetwo modes,we usethestan-
dardMelnikov method [5,6]. Application of thismethodrequiresthe computationof the distancebetween
perturbedstableandunstablemanifoldsof thehyperbolicsolutions,tofirst orderin e.Thisfirst-orderdistance
is givenby avectorhavingtwo componentsmeasuredalongtwo of the normal directionsto the unperturbed
homoclinicsurface.Forthesedirectionswe chooseVH1 andVJ1, theeight-componentgradientsin thefull phase
spaceof the conservedquantitiesfor the unperturbedfirst mode.Only two normaldirections (out of the ex-
isting four) are needed,becauseboth the perturbedstableandunstablemanifoldsof the hyperbolicsolution
lie on level surfacesof totalH andtotalJ (seerefs. [4,5]). Thesetwo componentsof the requiredfirst-order
distanceare givenby
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M,= JVH.gdt, M
2= JVJi.gdt,

wherethe integralsare takenalong a particularunperturbedhomoclinicorbit of mode I, andtheeight-com-
ponentvectorg is the linearizationin e of the perturbedflow. In termsof the field, wehave

M, J ~

M2 Jdt~4imn(Km_~ymIEmI2)Im(E~En),

whereEm is evaluatedat t — tm andq,,, along the unperturbedhomoclinic andquasiperiodicsolutions.
In order to computethe Melnikovvectorcomponents(M1, M2), we beginby consideringthe unperturbed

motion in the (.~2,~2) phaseplaneof the secondmodeandlinearizingthismotion in thevicinity of thecenter
at ‘~2= Q2 and ~2 = 0. Thislinearizedsolutionundergoesharmonicmotion in the (.~2, ~2) phaseplane.In the
full phasespace,theseharmonicmotionsare givenin termsof the complexenvelopefield variables(E2,F2)
by

E2={~2+A2cos[Q(t—12)J—(2iwA2/Q)sin[Q(t—t2)]}exp[iw((—t2)+iq~2]

P2 {iQ2w+ (A2/Q)(2w
2—Q2)sin[Q(/—t

2)] —iA2wcos[Q(t—t2)J} exp[ko(t—t2) +i~2]

wherewe denotew=J2/Q~,Q
2=y~,~+4w2,and t

2 and~2 are constantparameters.
Substitutinginto theintegrandsof theMelnikovvectorthe expressionsfor theunperturbedhomoclinicmode-

1 solution (E1,P,) givenearlierandthelinearizedquasiperiodicmode-2solution (E2,F2) givenaboveyields,
after considerablealgebraandevaluationof integrals,

M1 =a1 sin(w&—Aq~)+a2sin[(Q+a)&—iS~]+a3sin[(Q—w)~t—i~qfl+a4 sin(QAt),

M2=b,sin(w&—~)+b2sin[(Q+w)i~l—~]+b3sin[(Q—w)&—iS.~],

where& =t~— ‘2, ~ = — 9~2,andthe coefficientsa and b~are givenbelow,

it - ~“ ~° \[~ / K, 3~2\ - 1a1 = — Q2w sech~2,/___)[JKJ~ k
4~— ~-~-) _v

2Q24i22j~

7t~42~o( Q’\ (it(w—Q)\[2 (1 w’\( K1 3(w—Q)
2\ /3 w’\

a
2 = ~l — sech~ 2~/k~~)L3KI ~ + ~ K2 — K, y, )A1 l2 Y2 + ~)4I22

Fig. 2. Theweak-couplingperturbationcausestransverseinter-
sectionsofthestableandunstablemanifoldsof thehomoclinic

• X ‘~ solutionsto occurnear~tt=0 and ~çs=0 or ,t. A typical orbit
•.. nearthesetransverseintersectionsswitchesrandomlyfrom side

periodicorbit andnear
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xA2w( Q’\ (it(w+Q)\[2 (1 w”\( K1 3(w+Q)
2’\ (3 w\

a
3= ~ ~l + —) sech~ ~ ) L~’ ~ — ~) ~l + K — K, Yi ) A~l2 —Y2 —

2xA2 Yi A
a4=———-—~122+~ ll

2)ih2(Q/2~/k~~~

b 2xa
2 h~’ ~ ~ I ( 72~=————sec

~ (W;Q)
2)+J(K~)]

= — 27t~42sech(~ t~))G — ~)[A~ l2 (2K~+ 0+12)2) +A~
22(K,_~2QA)].

TheMelnikov vectorcomponentsM, andM2 havesimultaneouszeros,when& =0 andt~4~= 0, or it. (Since
the Jacobian(OM,, aM2)/ (~&,,~)is nonvanishing,theseMelnikov zeros are simple.) Hence, the conse-
quenceof coupling small-amplitudeoscillationsof mode2 to mode 1 is to producetransverseintersectionsof
the stableandunstablemanifoldsof the hyperbolicquasiperiodicsolutionsof thecoupledsystem.Thesetrans-
verseintersectionsare sketchedin fig. 2. The formulasfor M~andM2 showthat the transverseintersections
causedby mode coupling aretwo-dimensionalandparameterizedeitherby t—12 and ~2, or, equivalently,by
i—I, and ~. As shown in the next section,thesetransverseintersectionsimply chaoticdynamicsfor phase
points in their vicinity via a Smalehorseshoeconstruction.

6. GeneralizedSmalehorseshoeconstruction

We considerthe Poincarémap b obtainedby taking a Poincarésectionat I — t2 0, modulo2x. In the Q’2-

reducedphasespace(-~2, ~2) for thelinearizedharmonicmode-2motion, thisPoincarésectionis thepositive
~i2axis. In the Poincarésectionthe quasiperiodicmode-2solution is a circle, andthe Poincarémap i’I. takes
thiscircle into itself. Thiscircle is hyperbolicin thephasespacefor the coupledsystemand,accordingto the
Melnikov calculationjust given, its stableandunstablemanifolds intersecttransversely.Thesetransversein-
tersectionsare two-dimensionalsurfacesin the continuous-timedynamics,andin our Poincarésectionthey
are circles (ratherthanpoints,as in the usualPoincarésection).The angle parameterizingeachintersection
circle in the Poincarésectionis ~ or, equivalently,~, theangleconjugateto thetotal interactionenergy,J101.
BecauseJ~01is conserved,the dynamicsfor ~ decouplesfrom the restof the systemandmaynow be factored
outby Hamiltonianreduction.Thetransverseintersectionson theresulting reducedPoincarésectionform the
usualhomoclinictangleof points,asguaranteedby the Poincaré—Birkhoff—Smaletheorem.That is, an iterate
of the reducedPoincarémapresultsin aSmalehorseshoeconstruction,therebyleadingto aninvariantCantor
set of points in the reducedPoincarésectionon which the dynamicsis topologicallyconjugateto a Bernoulli
shift [5,61. Adding backthe angle~,now yieldsan invariantCantorset of circles, whosedynamicsunderthe
reconstructedPoincarémap is extremelysensitiveto initial conditions.

7. Physicalimplications

Giventhat the dynamicsin the vicinity of thehomoclinictangleis chaotic,what implicationsaretherefor
ring-cavitylaserexperiments?Forphasepoints in thevicinity of the homoclinictangle,the timeseriesfor the
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amplitudeof the first mode I E, I will show intermittentexcursionsaway from zero in the form of the ho-
moclinic solution,

~ (t—t~)]

where e,~is now indistinguishablefrom a randomvariable,becauseof the extremesensitivity to initial con-
ditions for this motion.Theseintermittentburstsin the first modewill interferewith the quasiperiodicevo-
lution of the secondmode,in the total outputintensityof the laser,

IE~(I) A1(r,0, z)+E2(t) A2(r, 0, z) 2

whereA,(r, 0, z) andA2( r, 0, z) representthe two transversespatial patternsof the competingdegenerate
cavity modes.Hencethe resultingtransversespatialpatternof the totalresulting laseroutputwill show acha-
otic sequenceof burstsof interference.Duringthesebursts,thetransverseoutputwill appearspatiallycomplex.
Thusan effectwhich might appeartobe spatio-temporalchaosis actuallydueto temporalchaosalone,arising
from the competitionbetweentwo degeneratespatialmodes.
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